
NOTATION 

T, t ime;  T,  t e m p e r a t u r e  of mel t ;  To, ini t ial  t e m p e r a t u r e ;  Tc ,  c rys ta l l i za t ion  t e m p e r a t u r e  of liquid; ~,  
m 

s t r e a m  function; ~a, cur l  of velocity;  v, coefficient  of k inemat ic  v i scos i ty ;  a ,  coefficient  of t h e r m a l  diffusivity;  
:~0, c h a r a c t e r i s t i c  s ize  of region; ~g, unit vec to r  of 0~ 3 axis ;  l 3, re la t ive  height of cavity;  el, re la t ive  width of 
liquid zone (i = 1, 3); w h, coordinate  g r id  of region; h, d is tance between nodes of coordinate  grid;  A, t ime 
mul t ip l ie r ;  To - -  Tc ,  c h a r a c t e r i s t i c  t e m p e r a t u r e  d i f ference;  p = pt~02, cha r ac t e r i s t i c  p r e s s u r e ;  R = P r G r ,  R a y -  
leigh number ;  7? i = x i /~  0, d imens ion less  coordinates  (i = 1, 3) ; | = (T - - T c ) / ( T  0 - -T  c), d imens ionless  t e m p e r -  
a ture ;  r =p/ fJ ,  dimens ion less  p r e s s u r e ;  Fo = T/~, d imens ion less  t ime  (Four ier  number) ;  ~o = v/:}o, c h a r a c t e r -  
i s t ic  veloci ty;  ? = ~2o/a , c h a r a c t e r i s t i c  t ime;  P r  = v / a ,  Prandt l  number ;  Gr  = qfi(T 0 - - T c ) ~ / v  2, Grashof  number .  
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U N S T E A D Y  C O N V E C T I V E  H E A T  T R A N S F E R  

IN P O T E N T I A L  F L O W  

P .  S.  C h e r n y a k o v  UDC536.25 

Analyt ical  re la t ions  a re  obtained fo r  the unsteady t e m p e r a t u r e  field in potential  flow o v e r  a 
f lat  plate and a cyl inder .  

Works [1-3] have examined s ta t ionary  forced convection in potent ial  flow of a liquid over  bodies.  

The p re sen t  pape r  de te rmines  the unsteady t e m p e r a t u r e  f ields in longitudinal flow over  a f iat  plate with 
boundary conditions of the f i r s t  and second kinds,  with and without allowance for  t h e r m a l  radiat ion and motion 
of the cyl inder  in the flow with boundary conditions of the f i r s t  kind. This type of p rob lem is  desc r ibed  by the 
equations for  the fluid t e m p e r a t u r e  T,  the veloci ty potent ial  q~, and the p r e s s u r e  p: 

a~ = 0, (].) 

0__T_T + (grad T, grad r = aAT, (2) 
Ot 

Ocp -~ 
P -  Po - -  0.5p (grad ~p)2 _ p -~- _ p (g, r)  (3) 

and initial and boundary conditions on the body surface 

a_~% = U, (4) 
an 

T (x, O)= To (x), T[-~ = [ (x,, t), )~ ~ -~es= g (xv t), 
~ c ~  ( 5 )  ~OT I = On x%s ~ (T'iTcs - -  T~), TIF ~ ~ -- T| 

We a s sume  that  the the rmophys ica l  p r o p e r t i e s  of the liquid a re  independent of t e m p e r a t u r e  and p r e s s u r e  
and that a s im i l a r i t y  t r ans fo rma t ion  xi = '~Yi  has been der ived which resu l t s  in the coefficient  of AT reducing 
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to 1. Work [4] has shown that the problem (1), (4) has a solution which exists  and is unique. We shall  seek  
the solution of the f i r s t  boundary-value problem,  (2), (5) in the class  of functions ~xrl,,,2,exp(_~0)l - ' (~2 t) [5]. We 
introduce r a function of the spat ial  coordinate  ~" and the t ime t ,  sat isfying the conditions 

�9 0 ) = o ,  % 0 ,  = f (;,, 0, 

F =  [exp(--q~), 0%0t - -d iv(exp(- -~)grad ,o)]  E L~-(Q,), 

F, 6 L~ [~t)" 

We f i r s t  consider  the in ternal  problem for  Eqs;  (2) and (5). A genera l ized  solution of this problem is 
given by the function T = ~0 + ~, where ~ belongs to W~lexp(_~o)(~2t) and sat isf ies  the in tegral  identity 

3 
~" O~ OA 

J ~ ( e x p ( - - t p ) - ~ -  t A--FA--exp(--~)  ~ ~ Ox, ')dxdt=O (6, 
0 o f ~ l  

~  for  any function A~ W~,exp(_r We shall  show that the function # is unique. Let $l, #2 be two genera l i zed  
solutions of Eqs .  (2) and (5); then,  introducing the notation 

A = I ~ O~ t<s ,  
[ O, s < t < so, 

and using Eq. (6), following t rans format ions  we obtain 

s 

0 ~ i ~ t  

dxdt + .t exp (-- ~) ~o*dx = O. (7) 

If r is independent of t ime ,  f rom Eq. (7) we obtain cc = 0, 01 = 02- If ~o is a function of t ime ,  then,  
f rom the condition that the p r e s s u r e  and liquid veloci ty  a re  f ini te,  using the Bernoulli  in tegral  (3), we obtain 
the resu l t  that lacp/atl < K 0. Then,  using the fact that a~o/St is f ini te,  applying the Sobolev imbedding theo-  

re ins  for  the space  W2 I' * (fit) [4], and introducing the notation K = 

different ia l  inequality 

t exp (--~)r176 we find that K sat isf ies  the 

d__K ~< ~K, K (o)= O. 
dt 

Hence it follows that K = 0. 

We now cons ider  the externa l  problem (2), (5). We postulate that at infinity ~ ~ l / r ,  ~ ~ r -0~ ~+e), 
8$/Dx i ~ r -2,5 and write Eq. (7) for  the region f = f R ,  where f R  is a sphere  of radius R containing S; we let 
R ~ ~,  apply the same arguments  for  0 as in considering the in ternal  p roblem,  and obtain the resul t  that 0 is 

umque.  

Replacing the var iables  x and y by ~ and ~b, and T by | = (T --Too exp (--r in Eqs.  (2) and (5), we 
obtain the following equation for  | 

and the ini t ial  condition 

Ao(O'O O) ,8, 
Ot 0r r O@ ~ 4a ~ 

F o r  the f i r s t  boundary-value prob lem the boundary condition is 

O'~s= (f(xv t)--T~)exp (--  ~-~-) 2a 

We shall  solve, this  fo r  longitudinal flow ove r  a flat plate with veloci ty U. 

(9) 

(lO) 
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Applying  a L a p l a c e  t r a n s f o r m  in the v a r i a b l e  t to E q s .  
we obta in  

'U~)  -~ _ U~) -~ 

• exp * / 'p ~ a2H ~. + . 

(8), (9), and (10) and a F o u r i e r  t r a n s f o r m  in ~ ,  

(1~) 

H e r e  

O=p j~" i@exp(--p/§ Bo= i Boexp(i%cP)d~, 

F,= i hexp(i=~w)am, -[, = p # F, exp(~pt)dl. 

T r a n s f e r r i n g  f r o m  the t r a n s f o r m  s p a c e  to the  o r i g ina i  in Eq.  (11), and us ing  da ta  f r o m  [6], we obtain a t e rn -  
p e r a t u r e  d i s t r ibu t ion  in the f o r m  

f " .U 2 ~t~U2a)t_i~m2)da2 ' ~ e x p ( _ ( _ ~ _ a  + " 

' x 

a F 1 (t - -  x, a 2) K1 (a~, % x) exp ( ~  i(pa2) d~2d~: + 0 . 5  a-T . 

, , 

- -  U V-a a~ 4a 2 , ~ 2 U  ~ a-{ 

( 1 2 )  

H e r e  ~ = Ux,  ~ = Uy. The  local  h e a t - t r a n s f e r  coef f ic ien t  a~o i s  ca l cu la t ed  f r o m  the r e l a t i on  

% =  - -  exp 

U~ ) +  1 e x p ( t  U~ Ko=( r  + 4 ~ e  rFc ( V t  (~z~U'a + ~a - - ~  ( a22U~a + ~-a ) ) )  exp (--i~,q~). 

F o r  the second  b o u n d a r y - v a l u e  p r o b l e m  the boundary  condi t ion is  

a--, , = o  ~ u  - -ffga = q'" 

Solving th is  f o r  longi tudinal  f low o v e r  a f la t  p la te  with ve loc i ty  U, us ing  the  s a m e  method  as in the f i r s t  
b o u n d a r y - v a l u e  p r o b l e m ,  we obta in  the fol lowing e x p r e s s i o n s  f o r  the t e m p e r a t u r e  d i s t r i bu t ion  in the  liquid 
and the loca l  h e a t - t r a n s f e r  coef f ic ien t :  

; ( i i  1 T = T| + ~ exp Bo exp i~% -- a~U2at d% -- --~ Q1 (t -- "q %) K (,c, % %) d%d'c 
4a . ' 
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2~ (13) 

where 

Qt= fqiexp(ice,~)d% K ~  e x p ( .  iq~(z~){exp (_ap.V/-a~.~ - "  __~a~ ) ' 1 

U']-'/2--O.5(a~U2a+-~-1-i/2[exp'(apVa~+ 4+) • ( ~ + "~al ,~a I . L 

)) ]} • (2V ~ Vt(o~U'a+U" V ~  + ~-a + K ,  , 

0 
ATo = -~- i t | 

Kx=exp( - a p  l l/a2 + 4T- )erfe (I/~(agU'a+~a ) 2 U ~ ) '  

U 2 loxp. 
We find the temperature distribution in the liquid in longitudinal flow over a plate with velocity U for the 

condition that for t > 0 the heat flux distribution q@, t) on the plate is known and there is radiation and absorp- 
tion of heat in the surrounding space. With the assumption that [(T--T~o)/T~o]y =0 << 1 the boundary conditiontrans- 
forms to the following form: 

�9 0 0  
- -  - -  N O ! ,  = 0  = q t -  ( 1 4 )  
oap 

By solving the initial-value problems (8), (9), (14) in the same way as for the f irs t  boundary-value problem, 
we obtain the following formula for the temperature distribution in the liquid: 

1 exp(W)[  0 it'Ql(t--T,~2)['(l('~,ap,~2)d~z2d'~ T-~ T=-- 2-~ ~a --~. 

Here 

2u VY{ 

U ~ )-t 

K~= 1 ____~Iu l/a- err 2u at- - exp (Nap + NU~at) erfe 2U ] / J  + (ic~2~)" 

We now consider the motion of an infinite cylinder with velocity U in potential flow of a liquid. Let the 
initial liquid temperature be T0(r, a) ,  and for t > 0 let the temperature distribution f(a ,  t) be given on the 
cylinder surface. The liquid temperature far from the body is T ~  
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With the assumpt ion  of potential  flow the s t r e a m  function r and the veloci ty  potential  ~ have the fo rm 

U R ~ U R 2 
= - -  - -  cos a, ~ = sin a. 

F r 

This in i t ia l -va lue  p rob lem for  the t e m p e r a t u r e  dis tr ibut ion in the liquid, following the t r ans fo rma t ions  

q~ = ~ P  cos 1~, qo --  --P-P sin ~, Fo = a t  
UR UR R "~ 

reduces  to the fo rm 

O0 ~ I a2o 1 a20 1 ao ) 

@]Fo=o=(To--T~)exp --~a =O~ P), 

01o=1 = ( f - - T ~ ) e x p  - - ~ - a  = g (~' Fo). 

(15) 

We seek  a solution of Eq. (15) in the fo rm 

@ = s Pe 2m (An, m (Fo, p) cos n13 ~- B~,m (Fo, p) sin n13), 
n,t?'/~O 

g = s (go,~ cos n~ + &,~ sin n~), 
n~O 

(16) 

Substituting Eq. (16) into Eq. 
problem:  

Qo = s (Qo,~ cos n [ $ +  QI,~ sin nlg). 
n = 0  

(15), we obtain the resu l t  that the functions An, m a re  solutions of the following" 

OA,,,o = p, ( O~A,,,o l O&,o n~ ) 
O Fo ap - - - - - r  + -p-  ap p~ A~,0 , 

0Fo ~, 0P ~ + T  " 0p A~,m-- p---~-A~,,,+~ , 

A~,oiFo=O = G,~, A~,olo=' = go, n, A~,~+dFo=o = 0, A ....  +,to=I = 0. 

(i7) 

The functions Bn, m sat isfy  this type of in i t ia l -value  p rob lem.  The solutions of Eq. (17) can be found in the 
fo rm 

&,o, = , B n , m  . . . . .  a S )  

k=O k=O 

where Xnk are roots of the equation 

A (~n0 = 0. 

It  can be shown that  the functions Jn(~n,k/p)  a re  orthogonal  in [1, ~o) with weight 1/p3; by substi tuting Eq. (18) 
into Eq. (17) and using the orthogonali ty of Jn(2tn.k/p) , we obtain the r e su l t  that A k m and B k m sat isfy  the 
o rd ina ry  l inear  di f ferent ia l  equations of the f i r s t ' o r d e r .  By using the method of var ia t ion  of an a r b i t r a r y  con-  
s tant  to solve these  equat ions,  we find Ank m and Bnk m" Substituting A k ,~ and B k ,~ into Eqs.  (18) and (16), 
we find the t e m p e r a t u r e  dis tr ibut lon m the hqmd,  w~{ch is not p resen ted  here  because  the express ions  a r e  very  
cumbersome. 

N O T A T I O N  

~,, th ree -d imens iona l  coordinate;  t, t ime; r,  a, po la r  coord ina tes ;x ,  y, Car tes ian  coordinates :  the x axis is along 
the pla te  and the y axis is pe rpend icu la r  to the plate;  <v, veloci ty  potential;  A = (grad ~)2; r s t r e a m  function; T, p, the 
liquid t e m p e r a t u r e  and p r e s s u r e ;  To, initial  liquid t e m p e r a t u r e ;  T ~o, P0, the t e m p e r a t u r e  and p r e s s u r e  fa r  f rom the 
body; n, no rma l  to the body; S, the body sur face ;  U, the flow velocity;  f ,  initial t e m p e r a t u r e  dis t r ibut ion on the body; 
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q, heat flux density;  ~2, region occupied by the liquid; ~', distance f rom an a r b i t r a r y  point in the liquid to the 
body; ~2 t = ~2 • [0, t]; g, acce le ra t ion  due to gravi ty;  p , ~ , a ,  the liquid densi ty ,  t he rma l  conductivity,  and t h e r -  
mal  diffusivity; (~, the in tegra l  emiss ivi ty ;  N = 4oT~/XU; L2~ t ) ,  Hilbert  space;  ~r (~2t), ~ , , lexp(_~)(~t) ,  
Sobolev space .  
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T W O - D I M E N S I O N A L  T E M P E R A T U R E  D I S T R I B U T I O N  

IN A C E R A M I C - B A S E D  E L E C T R O D E  

L ,  K .  K o v a l e v  a n d  V.  N .  P o l t a v e t s  UDC 536.24.02 

A study has been made of the the rma l  p roces se s  in the e lec t rode  units in an MHD channel; 
genera l ized  relat ionships  between the geomet r i ca l  p a r a m e t e r s  of the blocks and the p a r a m -  
e t e r s  of the working body have been der ived.  

Much attention is now being given to large MHD sys tems  containing sect ional  ce ramic  e lec t rodes  for  use 
in fully c o m m e r c i a l  o r  pilot MHD stations [1]. The viabili ty and working lives of such sys tems are  largely de-  
t e rmined  by the the rmal  conditions in the e lec t rode  blocks.  

The re  a re  s eve ra l  papers  on the t empera tu re  distr ibut ions in such blocks; for  ins tance,  t empera tu re  
distr ibutions have been de termined  [1, 2] fo r  ce ramic  e lec t rode  modules enclosed in metal  ma t r i ce s .  Es t imates  
have been made [1] of the maximum t empera tu re  in a module and the t ime needed to r each  the steady the rmal  
s tate  fo r  blocks of var ious s izes  and var ious heat-f lux levels at the MHD channel wall. 

However,  mos t  studies [1-5] a re  based on solving the thermal-conduct ion equations subject to ma jo r  s im-  
plif ications {constant t empe ra tu r e  in the meta l  ma t r ix ,  constant thermophysica l  pa rame te r s  of the e lec t rode 
m a te r i a l s ,  etc .  ), which substantial ly r e s t r i c t  the applicability of the resul ts  to viability evaluation. 

w Figure  l a ,  b shows some typical  e lec t rode  schemes based on ce ramic  modules made of z i rconium 
dioxide ZrO 2 [2, 3] .  A ce ramic  module is enclosed in a meta l  cooling ma t r ix ,  while the e lec t r ica l  insulation 
is provided by plates of A1203 or  MgO. 

The meta l  ma t r ix  in Fig. l a  pe r fo rms  two functions: it cools the ce ramic  element  and also handles the 
cu r r en t  through the upper  par ts  of the metal  edges.  Since ZrO 2 ce ramic  is of fa i r ly  high e lec t r i ca l  conductiv- 
ity (a > 10-20 mho/m) only at high t empe ra tu r e s  (T ~1100-1200~ [1], the edge of the mat r ix  must  be made 
of hea t - r e s i s t ing  s teel .  

In Fig. l b ,  the cur ren t  is c a r r i e d  by h igh- tempera tu re  meta l  grid or  plate embedded in the ce ramic  e le -  
ment ,  which reduces  the sever i ty  of the working conditions for  the meta l  cooling edges and allows one to make 
the ma t r ix  of a meta l  of high t he rma l  conductivity such as copper .  
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No. 1, pp.116-123,  January ,  1977. Original  a r t ic le  submitted August 13, 1975. 
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